Introduction
The rate of dissipation of heat on a manifold is determined by the available volume. This geometric principle is illustrated by the behaviour of the heat kernel J{ associated with a right invariant sublaplacian on a Lie group G of polynomial growth. Then one has bounds
(1) for all t > 0 where V(t) denotes the volume of the ball of radius t measured with respect to the subelliptic distance (see [Rob] , Theorems IVo4. 16 and IVo4.21, or [VSC] , Theorem VIII.2.9). The asymptotic properties of the kernels associated with higher-order operators is less clear.
Let 9 denote the Lie algebra of G and AI, . .. ,Ad a vector space basis of 9 formed by right-invariant vector fields. First, let J{ denote the semigroup kernel corresponding to a power of the Laplacian H = (-Ef=I A7)m/2. Then one has the m-th order analogue (2) of the bounds (1) for all t > 0 The upper bounds are a consequence of the Gaussian bounds established in Theorem 3.1 below and then the lower bounds follow from [EIR4], Corollary 204. Secondly, consider the kernel corresponding to the operator H = (-1 )m/2 Ef=I Ai. Then the situation is more complex. If G is nilpotent the bounds (2) are again valid for all t > 0 because the Gaussian upper bounds on J{ follow from [ERS1] , Theorem 3.5. More generally, if G is the local direct product C XI N of a compact Lie group C and a nilpotent Lie group N then the bounds (2) are valid. The key upper bounds (2) are a consequence of Theorem 4.3 of [DER] , with m = m. The special form of Hallows one to verify that Condition 11 of [DER] , Theorem 4.1, holds and hence all the equivalent conditions of Theorems 4.1 and 4.3 are valid. In particular H satisfies the strong Garding inequality (cp, Hcp) :::: f-l sup IIAacpll~(3) lal=m/2 for some f-l > 0 and all cp E D(H) where we have used the standard multi-index notation.
Conversely, Dungey [Dun] , Theorem 1.1, has shown that if H satisfies (3) and J{ satisfies Gaussian bounds for all t > 0 then G is the local direct product C X I N of a compact Lie group C and a nilpotent Lie group N. Therefore it is of interest to examine possible upper bounds and the possible asymptotic behaviour of J{ for groups which are not of the special form C X IN. The purpose of this note is to investigate this problem for the simplest such group, the three-dimensional group of Euclidean motions in the plane. Our analysis establishes that for large t the bounds (2) are the exception rather than the rule. Indeed many m-th order operators have the large time characteristics of second-order operators in some directions.
Let G denote the three-dimensional, connected, simply-connected Lie group of Euclidean motions, 9 its (solvable) Lie algebra and n the (two-dimensional) nilradical of g.
Further let I . I be the modulus associated to a fixed basis of 9 and note that different bases give equivalent moduli. Fix a basis aI,a2,a3 of g. Next let AI, A 2 ,A 3 denote the infinitesimal generators of the one-parameter groups t I--t L(exp ( -tai)) where L is the left regular representation of G in L 2 (G) . All the operators H we consider are m-th order polynomials in the Ai with the common feature that the corresponding semigroup kernels I< are smooth functions satisfying Gaussian bounds with b, c > 0 and w 2:: 0, uniformly for all g E G and t > 0 (for details see [Rob] , Chapters I and III, or for a short proof, [ElR3]). Our interest is to derive bounds of this nature with the optimal behaviour as t --+ 00. 
I.
There exist b, c > 0 such that (4) for all g E G and t > O. 
II.

There exists a
IV. The nilradical n is spanned by two of the basis elements at, a2, a3'
The theorem implies that the geometric bounds (2) and the good Gaussian bounds (4) are only valid for large t for very special bases. This contrasts starkly with the situation for powers of the Laplacian, Theorem 3.1 below, for which the Gaussian bounds are satisfied independently of the choice of basis at, a2, a3. Note that Theorem 1.1 gives examples for which I< satisfies the Gaussian bounds (4) but H does not satisfy the strong Garding inequality (3). Indeed (4) together with (3) would imply that G is of the form C Xl N, by [Dun] , Theorem 1.1, which is a contradiction. The next result gives detailed bounds on the kernels of Theorem 1.1 for general bases. To state it we need an explicit description of G. There exist b, b ' , c > 0 such that 
for all t > 0 and (XI, X2, X3) E R 3
II. limt-+oo t(m+l)/m Kt(e) exists and is not zero.
The asymptotic behaviour of the kernels K associated with the homogeneous operators
:7=1 Ai can be described in much greater detail. We will demonstrate that the kernel is accurately approximated for large t by the kernel of an m-th order, weighted strongly elliptic operator with constant coefficients on R 3 .
The above results extend to subelliptic operators H = (-1 )m/2 2::7=1 Ai n with aI, a2 an algebraic basis of g. The subelliptic geometry changes the detail of the small t estimates but not the large t estimates. One has normal Gaussian behaviour if n contains one of the ai and anomalous behaviour if this is not the case.
Proof of Theorems 1.1 and 1.2
We begin by establishing crude upper bounds on the kernel K by standard arguments based on Sobolev inequalities and perturbation theory. The bounds are established on 
where Cl(X) = COSXl and Sl(X) = sin Xl. We consider Lk(p) both as a multiplication operator on L 2 (R 3 ) as as a function on R 3 . Moreover,
where the coefficients have the form 
Then the leading term in (7) is bounded by
for all {) > 0, 1 E {O, ... , n -I} and k E {I, 2, 3}, by (6). If I = 0 then the bounds of the lemma can be reexpressed as uniformly for all t > 0, i.e., one has Gaussian bounds with an additional polynomial growth factor (1 +t?/m. If, however, I > 0 one has bounds uniformly for all t > 0 and x = (Xl, X2, X3) E R 3 and these are of the type given in Theorem 1.2 but again with the additional growth factor (see [DER] Proposition 2.10.1). Next we use arguments based on periodicity to remove this factor. Comparing the second order terms in (9) gives
where each A(n) (0), 'P(n)(o) and H(n)(o) is homogeneous of degree
e calculate both terms. One has 
Note that the coefficients of ()r in <p(n)(()) and A(n)(()) equal <p(n)(()o) and A(n)(()o), where
for simplicity we assume that ()o = (1,0,0) E n. 
Since L~:) is an operator of multiplication with a constant it follows that HU)( for all t~1 (see [DER] , Proposition 2.10.111). Then one can combine (11) and (12) (12) and (13) 
JR3
which is Condition III.
Finally suppose that Condition IV is valid. We may assume that a2, a3 E n. Then for all 9 E G with c =I 0 a constant independent of g.
Remark 2.5 The foregoing arguments apply with very little alteration to subelliptic operators H = (_1)m/2 2::7=1 Ai with aI, a2 an algebraic basis of g. The subelliptic geometry changes the local singularity of K t from t-3 / m to t-4 / m but the behaviour for large t remains unchanged. Examination of the proof of Lemma 2.3 shows that the previous condition for normal Gaussian behaviour for large t is replaced by the requirement that n contains one of the ai. If this condition is not fulfilled one has the anomalous second-order asymptotics.
Powers of the Laplacian
The next theorem shows that the anomalous behaviour exhibited by Theorem 1.1 cannot occur if H is replaced by a power of the Laplacian. Note that the following argument is independent of the group structure and applies equally well to powers of operators on a space of polynomial growth. 
